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NATIONAL ADVISORY COMMIT’J?EEFOR AERONAUTICS

S’U31LlTY ON HAZES AND SHELLS

BEYOND THE ~OPO13TIONAL LIMIT+* :
,,,

By A, A . Ilyushin

The problem of elastic equillbrinn of plates, shells, and, in “
general, of thin-walled elements of metal structures and machines
has %een solved in the basic works of Bryan (reference 1), Timcmhenko
(reference 2), end many of their followers (reference 3). But essentiaJ-
d.ifficultieswere met in connection with the experimental verification
of Eul.er~sfokmula tha,tcould iot be res61ve& within’the bounds of the
theory of elasti.cityj In practical applications, rods, plates, tubes,
and other forms of shells, usuall;~having only relatively thin walls,
under the action of compressive forces often GO beYond the ProPortion~
limit bef’ororeaching”the’”critical(elastic) point, snd therefore
become ursk%le at appreciably lower l-oad.s. ~~

This circumstance 0$ the diminishing value of the formulas
~iving the critical”loadsunder elastic deformations was completely
cleared up in the fundamental works of Engesser (reference 4), and
von K&m&n (reference >), WhO showed the limits of applicability of
Euler~s :~ormulaand extended these limits to the whole ran~e of
elastico-plasticdeformations of rods under compression. The widely

known result that Eulerfs ,~ormtL18.~eqa.ins”’valideven for p.laS”LiC
deformations if Yovmg~s modtius E’ i.sieplaced by von K&m&ntD
modulus K received such exact g;~erimentnl verificatioll,th.atft’-
was transferred autbmaticall~r“ho@.ny other cases of,instjab~lity.’ “.

...,.,..’,.. .
Thus, “for’’Yecttigular’”platescompressed in the x-directionby “ “

a fcmce P; Bleich (refejence 6) without proof proposes.to~netialiie ‘:
the equabton & Brysm to th~ “cdseof plastic.deformationsby-the.int~=”
d.uctionof a correctivO factor

.
}.

,.. ::,.
,,

*~lUstotchiv’os&Plastinok i Obolochel:,zaPredelornUprugo@i;~t’””‘“
Pr&ladnaya Matematika i Mekhanika, N-s. 8;.No. ?, 19~+4::pp;~~F@O. ~
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(1)

Geckeler (reference 7) “Justas formally generalizes the equation of
lon~itudinal bending of thin-walled tubes that buckle into axially
symmetricalwaves

and
aid

the

shows that an analogous consideration of plasticity with the
of von K&&nfs modulus can be made in ‘manyother cases.

Among engineers the idea has very wide circulation that if
material of a plate or shell has a pronounced yield-plateau

at a stre&s equal ;O the yield limit th= plate will completely
loose its load-carrying ability.

Let us note at the very %e~imin~ that all t,heseconjectures
turn out not only to be groundless but also, ~enerally speakinc,
incorrect. They lead to an incorrect estimate of the load-bearing
ability Of structures and to too great a wei@lt.

To Brylaard (reference 8) belongs the attempt to formulate the
px’ollemo~:the stability of’compressed plates ‘beyond‘theelastic
limit on the basis of the Hencky-.$lisestheory of plasticity. But
he was nob able to cope with the difficulties of S,nCLl@.s o:F the
stresses and strains i“nthe elastico+a.stic regionj and after
obtaining his formu3.asfor calculation he had to introduce empirical
corrections. As for other works.,ii,is difficult to yoint out any.in
which the reasoning and deductions were more basic or2 better, less
baseless thanin th6 menticned work& of IDe’ichand (leckeler.

In the present pa~er is examined the method of inypstiga,tingthe
stability of plates slidshells beyond the elastic limit, that proceeds
from the’pjeneraliza.tlonof”the Hencky-Mises theory of elastico-plastic
deformations given in the worlc~of Smirnov-Alyayev (.refeience9),
Schmidt (reference 10), and in our papers (refercmce 2.1).
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,.,.,,. ,,”
Let us define the coordinates x, y, z, such that the xy-.plane

is tangent to the middlo surface of,the shell;’’:ta@rthe x- and y-axes
directed along the ts.ngeptsto thearbf.trarily.chqsonorthogonal
curvilinear coordin&te& a, 9; and the z-axik,normalto the surface.

The basic thesis of the theory of shells is that at each surface
z = constant there exists a state of ~lane stress varying with y.
The connection between the stresses XX,,YY, Xy, ~nfl~t~ains e=,

em> ew, can he written in the form

xx =

,’

,...,.
‘Y =

I
—’

=Gl-
‘Y _

‘(Gi) exy

The “intensity of

,.
and llintensityof

63 =

C7i =

.,
,.

‘(1.1’)”

J .
,, . .

stresslt Oi

J
—-.

xx~ -!-# - Xxyy + 3xy~ . (1.2)

st~ain”
‘i

2
/

2 2 l—
~ ‘ ‘xx + ‘yy
/

+ ‘X&yy + ~ exy2 (1.3)
“\3

are connectod by the relation

,,
>, u~-= 31J~i =,3G(1 ?--U):i.. “(1.4)

,.. ... . . . .----. ...,.” -,,. ..., ..

so that the func~ion w is defined by the physical properties.of the’
material.
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Let us f~nd,the ys,yi.@ion:@:...

aq ‘,, :“,”.J ‘$$$ ,:;:“:.,’:”“:”:’&i
&i .- Xr+r

~e= 6eYY + ~ ‘exy
-yy q... ..“ ,, ..’. ..!”..

.,’
..:

(’
,,

1’ )=—XxSe’ix, +Yyt5eJ,y,+ X Ee “
,.,

,. . .
zjlfj - ‘ ,Y Xy .’

. . ,. ,.,
,’,

,, F~om this..we-get
.. ,.‘

..
..

. . .

c7i8Ci = Xx&= + Y, be
Y YY

+XZiey Yy
,,.. . ,.

.. . .

,“ .

Under the action of’given external forces let the shell have the
definite stress,condj.,ticmX:<, Yyj, %, I Tnstabizity sets in when,t, ‘
at certain values of the external forces in addition to the indicated
equi].ibriumstate of stre,ssjanothey~,stal;eXx + !jX~, Yy + NT,

is @ossible,‘Y + % where the transition from the first to ~he

seaond.takes place under constant forces.
‘.

Assume that we know the strain differences between the second
and first equilibrium states ~exx, ~ey.r, ~ex10a.: . .

Before insta%ili.tyone region of a shell. 11~’ may be in a
plastic state and ano-therregion Y in an elastic state. Aftel;
instability the region II will divide into two parts; 11-+11
and 11-*Y; In the formerj loading wi].1cbnljinl~ejthat jrg,the
trsznsitionfrom the first state to the sebond produces ‘thefu:flther
plastic deformations .

:,.: .. .

while in the latter, unloading occurs; that isj this transition
produces again elastic defc!rmatio~s.. : ~~.“

J-Translatorfsnote: II - plasticheskii (plastic); Y-uprugii
(elastic). ... . ,.-’.” . ‘
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.. ... . . . , ,.
Thus fjhe..b,ounda.ryletween.the “tworqg~ons” fi->11 and “~-, Y

.,

has the equation
. .., ,’

.. .!!, .,! .,” ,.

cfi8q = Qe= i Y Fje
Y YY + ‘Y8exY = 0 :(1.6)

and represents

It is not
purely elastic

.,.

a“certain surface” z =‘~o: (a,p), ‘

necessary to investigate specially the region of’
deformations, since th~,function UJ(ei) for usu@ ‘

materials has everywhere a continuousderivative and’therefore’at
instability the region Y will remain elastic; to it are applied
the results of the theory of elasticity.

Let us investigate the relation between the variations of’
stress and strain for the region 3Z+H . Varying (1.1) we find-

—

Exy 1=G (1 –u)?5exy -eyy!Y!2.-tjci
L dcl

— i.-!

Let U.Sintroduce the symbols -,
I.—

xx ~,
a =——

\/
—.

.=;~~; ?’—, “’ (1.7) “

]

—.
x ,.?

‘c=’+ -“
(S1 l-a)
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Using .the’sein equations (Iii) and (1.5) we’get $in%lly

For

P =O. =

The

((i - c~) ~e
-w--l

,,!,

zefmssary.to put

+ 2pot7e’
YY

5X
Y— = Fo8exy

‘i

expression (1.9) shows that, in
the result of instability, there aTpes,rs
of anisotropy when the additional normal

!
the reeion

in (1.9) u= O,

(3..1.0)

IT”--+II,.as
the characteristic aspect
stresses depend also on

the variations of the shear strains and the addition&.
stresses on the variations of the normal strains.

2. LAW OF RLA~ETICITYIN ‘VARIATIOISAT~3’03?3

FOR PLATES AND SHELLS

sheax’

Instability is attended by changes in the first and second
quadratic forms of the middle surt’ace. Let e~>$2 be the
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direct strain in the x and y directions and y = % ~ the shear

strain in the xy-planeapp??opri.ateto the change in the first
quadratic form, and ~~1$~p> T> the curvattu?esand twist appropriate

to the change in the second quadratic form. “The quantities considered
represent the differences ‘betweenthe strains and curvatures after
and before buckling, for which reason the quantities ‘1.’ ‘2’ T
are called also distortions.

. .
:The six qu~~ities 61, Gp,: G.> Xl, X23 T can be eqressed

. 3
in terms Of the di~placewen%s u, V, W7 by means of partial deriva-
tives of not higher than the second o~der in the curvilinear coordi-
nates u, 1.3in the most general case. These expressions we shall
consider known, inasmuch as they are derived in many treatments on
the:thoory of elasticity and t?lastic stability.

The strains in a surface at a distance z from the middle
surface are Riven by linear functions of z:

(2.1)

I
ae
w ,J= 2G3 - ~zT

,,

.On the basis of equation (1.6), we find the boundary of the
regions XI~rI apd 11-+Y, denoting the approprie.teordinate
by

the

the

.,, ,.
20

For definiteness;we ‘assumethat the region
1 h. and the regionsurface of the shell z = ~

p h,surface z = ~ where h is:the thiclmess

(2.2)

n+n adjoins
II+Y adjoins

of the shell.

. .

. ..

I
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Then from equations (1.9), (1..10),and (2.1) we have Tor

(3Xy
,-

—-=-acel -
[-

1l)ccp+ ?(G --c2)63 - Z -acxl -bcX2 + ~(z -C2)T
01 _\

>(2.3)

(2.4)

Now we may write the variations of the resultant middle-surface
forces

.,~h

I
-1

2
5T1 =

I
5XX dz

L -ah

~h,P2
8T2 = / 6YY dz

ihd_-

Ll

~2h

6s = 8XY dz
-~.h ,

2
:

(2.5)
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Employing the following dimensionless quantities for
and the ordinate z.. ,...

1:

the distortions .

end takin~ into account the different expressions for 5XX, 5yy~

6XY for 1>3> E. and ZO>Z> -3., we find -.I

tk(i), Tk (i? aredefined hytheformtia.svhere

t~’”= -2ac(l - iZo)

...
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‘3” = -bc(l-- ‘o)

~31tt= 2(C0 i’J) + 2(iio-U)EO -2C2(3. -~o)

= r
-.

2(E0 - ~)+J=a2 (1 - Z02)
‘1’ 2_.-

~ m
2

= PC(1 - ioq

T “
3

=;bc(l -Z02)

y = (c. -IL + C2)(1 - ZO’2)

In order to simplify equations (2.7), let us consider the
expressions (2.3) and (2.4). With the introduction of the symbols

a b 2C ‘“f=—G+—e2+—G
Si 1 Si Si 3

x b 2C -
=~%l+—%Q+—T

Si ‘i - ‘i

)

(2.8)

2 .a2+b~-ab+3C 2’
Si

J

.
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1

Multiply the numerator and denominator of’the expression (2.2) by
., . , ..-..-—

.~J=&
0:-’ (2.10)

/(
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From these
equations (2.7)

(2.12)

equalities it is easily seen that the system of
can be written in the I?OTJU

1

The relations (2.13) permit the derivation of a result extremely
important for the theory of stability of shells: multiplying the
first by a/SiJ second by h/si, third by 3c/si, and addingwe

obtain
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,

From equations (1.7).and.(2.8)”we ha~e
.,, .

. ., .
“ (2.15)

D3fferentiatin”gequation (1.4) we get...

Returning to the initial expressions for the forces and strains
before instability (T1-’=~x, S

equation (2.14) into

=hxy ● . .) we transform

(1 - & - 4E—(l-
dai

E -—
M .J

1-
= O (2.17)

where E = 3G.

Solving this quadratic equation for E. = 2zo/h we find the

thickness of the region II*II relative to the thickness of the
shell

Hem the quantity q is definedby

E- 15T+e8T+e5S

‘?= 4(1.0) e=Tlz ;yyi2 +2:
ait

11 22

(2.18)

(2.19)



. .
.:. “..

!:
. ..’ .. ,”.

14
;.’ ,,.., NACA TMNo. 1116

ail is invariant with respect to a rotatton of axes ,.T,,.y:.;about ‘~’
..

the z-axis, lxxause the bilinear forms in the”fnuneraborand @nom3.-
nator are invariant. ,

. . .
We have obtained the followin@~i&sul.t:The regfons 11-+11

and 1I-% resulting after buckling of a shell are divided by a
surface given by equation (2.18); the position of th:s surf’ace
within the shell.denends, in general.,both on its state,of stress ,::
and strain before instability and,on the form of buckling, ntiely,
the ratio of the work done by the mid~.tionaimiddle-surface forces ‘J’
on the strains in the base state 5S to work,GX.JTZ + ez7y~T2+ exy

arising at buckling frcm the distortion of the middle surface, done
by thq projections on the normal of the forces Tl, T2, s:..,

Let us pass on to the
moments resulting from the
(2.12)). By def’initionwe

calculation of’the bending and twisting
system of stresses (equations (2.11) and
have ,’

8M2

HI

(2.20)

Calculation gives

,: .,’””
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.: +s,@-*a)(Eo3_3zoi 2)x

..
.(

(+ 13icZ03
)

-3 ZO +2X

From this too can be derived
equation (2.17) but

quantity containing

cubic in Z.

the ratio

4p. i , + @o -,),.317

(2.21) I
J’

a relationship analogous to
and having in place of q a new

W + eyy5M2+ exyt31‘xx 1
-

T& + T2~2 + 2s?

Thus, for the general case of instability, the connections
between the vs,riationsof the resultant forces and moments and the
variation of strains,..mrvatures, and twiet or, in the final
analysis, the var$attons of’the three displacements are @.ven by
the relations (2.13) and (2.21) where in place Of 2C, its

expression (2.10) must be introduced.

The five quantities: the variations of the three com~onents
of d3.splacoment u, V, w and the var3.ationsof the”two trans-
verse forces Nl} Np, m.ystsatfsfy five differential equations.,
of’equilibrium of th6 shell. ...,.’

All the e~rese~ons obtained above remain val.id’bothin the
case of olastico-plastic strains and in the case of purely elastic
strains; in the latter case it is merely necessary to put ..

.... ,.....,.,
,.

I
1111 III ■ lnll-ml llmlnlllllmllll llll I III , ,,. ,,, ,-—---,,-., ,,,,,.,, ,, ..,, ..—
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Let us list the inte’resting~~eaturesof the expressions (2.13)
and (2.21).

(1) Xf at the ezastic,”}imitthe variations of the forces 5T ,
8T2, 5S depend only on the strains “1’ “C2’ ‘e3

*and the varia ions

of the mo~ents ~~~1~ 51!2, 5H only on the distortions Xl, X2, T

then beyond the@lastic limit both depend on the strains and the
distortions.

(2) If at the elastic limit the stiffnes~es of the shell in
extension and bending de,pendsimyly on the thickmess of the wall
and the modulus of elasticity, then beyond the elastic limit they
depend both on the construction of the shell

3* CASE

BY A

Placing

we find accordfngl.y

~ = o;

In this case;
II*II and II+
is define~ only by

WERE INSTABILITY X3 NOT

CH$NGE OF MIDDLE-SURFACE

and.the forces acting.

ACCOMPANIED

FORCES

(3.1)

from equations (2.19) and (2.18)

as is seen,-the surface separating the regions
Y does not depend on the form Of buckling and
the state of stress before buckling,,namely,

the invarianb E“ = dul/d~i> that is, the slope of the curve

Oi = Oi(Ci) at each point of the shell; if the intensity of stress

ai before buckling is the same at every point, then’the boundary

between the re@ons IIJ/ll and II--Y is a surface parallel
to the middle surface.



~, ____ ____ _

,>%=

,,
...’

repros~nt dresses referred.to their 5.ntens~ty befor~ instabilfty,
SG that:

..

‘,, ,

On tlm basis of e’ql.,l~hion~j.1) we”find frorn’equation (z.~.~j
expressionsfor the etrains in the middle surface of the ‘shell

... . . . . ..
,,’ ., ...’”-.”,....””.’

., ..... ‘,::’::,., ,. :.... . .

,,. :., ..
‘. (3*4) ;“

-..
‘v,.i.

.-
Y.$

i-,(

-1

,. . . . .. .. ....——. ——.——.- .——---. — —.-..
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Xn”tiontrastto the case o; el&~~C’iri8iabilftyhere the ‘ . J
following phenomenon is obsemed; if ~uckling of the shell
beyond the elastic limit takes place Under .constmt middle-
surface forces, then it is accnmpWied .by,rniddle-surfacestrains
propoyti,onalto the”ensuing distortions.$

Enterin~ these values of the strains into the expressions
for thq bend& moments
we obtain

(equation (2.21)) and.collecting

,. .,.2!’
,, Q5H=-

~2
@;j(l -$)7+ 121.LO(I.-Z)XJu

terms, .“

— .’.

)Li i. ,,
2Y,

APT (3.5)
)2X

1.

,:,
..

Let us now introduce the quant.it~es

K=

The first represents a generalized von K&’m&
case of a’complex state of stress; the second.) the

i

(3.6) I
.-

, (3.7)

. .

modulus for the
relative modulus.
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On the basis of equaiiion.s(lb.) and (3.2’).wehave ,
.... ,,,. .,,, .... . .,.... ,...”,.

lJo-P= f-l@ ‘Zo= -1+6

and, consequently, the ihmctions V and X cm b“eexpressed in
terms of the rlgidifiydecrease function u) 5JX5.the relntive modulu~
k. After rather cu@ersome tmnsfmmattons we obtain

Solving the syst,em(~.~) for tho bending moments we obtain
finally the basic formnks

where D d.en~testhe usual.

D.
,. ,.

-- k)x:f(ix’~+TYX2+ Zij/-)

2

bending stiffnew Of ~he’shell .

~h3
= —. ., ,.,,.

‘3:2(:L_.@)
,,.,,

‘., .,’

for the value of ‘j?oisson~sratio ~ ‘=0.5. .

Let us yoint out some consequences of the ,relatiionsobtained:
!*W ,...

(1) If the che.racterl.s%lcof the m~terial of the shell at = Oi(Ei)
has a pronounced yield--platee.u, so thet at some point the inte;sity
of stress ‘i = as ~d @l~l/d.~i= 0,, then the generalized von IS&&n

modulus at that point becomes zero, but, in the generzd CRS6, the shell,

1.
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nevertheless, does not lose its stiffness completely, since, besides
k=O, *=(.o <l.. The smallest stiffness will corresgon~ to the
end of the yield-plateau where the rigidity decrease is greater than
any other point on the plateau. The only exceptions are several
particular cases to which belong von K&’m&!s problem of the stabillty
of 9,strut.

(2) The bending moments.resulting from buckling are linear’
homogeneous functions of the distortions and have the ~,otential

-i

(310)

bending moments on the
:Trombuckling referred
tiletotal work will

The function w represents the work of the
distortions of the niddle surface resulting
to unit area of tho middle swrface, @o that
equal

,,:,,/?
;/IibJdf
L.’~,

Thf~ makes possible the application of the method of Timoshenko
to the analysi~ of el.astico-ylasticstability of shells,

(3) As the two ter?nscm the righ.t-hm.dsides of the relations
(3.9) show, the stiffness of the shel-1-at inst~~.bili~YbeYond the
elastic limit depends on both the plastic de~ormations before
Instability and the relatlons between the actinflstresses Xx,

‘Y‘
alla Xy. Exceptions are those cases ~’~herebefore hl~c~ing ‘“

there exists th~ relation
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tm.m, @nerally speaking, only-in the elastic region”whe~ A & E.
Howeverj for some materials the characteristic ai =.Ui(Ei) may

>.,==— . ....=...
have points where the tanggnt goes ~hrou~h the ortgin of comrdl.nntes

.,..-.

SO that A <E; at these points.

=4(1-JR), ~-,$=k= 4A

o (2 -- J%)2 (“h/i+“ ,/1)2

The fotiul.ae(3,9) in thi,scaee show that the etiff%ess of the shell
is proportional to the modulus K, and the critical fcnrcesare
obtainod from their elastic values by replacement of the modulus,

(4) The forces Tl, Tp, S perfo~ on the mid.d.lesnrf’ace

Stmim ‘ (:2 , y = 2<3 wol’kwhich on the haeia of equation (~.h)
or eqva,tilAs(2,2jequ.al~

If stability Is Invest?.gatsdby the mbthod of !Ctmoshenko,this quantity
may be omitted from the oxprossion for the work of the fl.nncn?forces,
If also thero ie omitted the equal work of?the peripheral (external)
forces on the displacements comespond5.ng to the st,ra5ns Cl, 6!>,. .

~3; tlm.tis, the work of the external forces should he calculated

mly ‘frcmthe di~pla.cementseriaing from the distortions of the
mi.dd.lesurface.

4* SIW31LITY Ol?PLATES

Let x,y be Cartesian cooi-dinatesinthe middle surface of the
plate and W(x$Y), its deflection under buckling, The curvatures,
as is well known, will be expressed by the formulas

(4,1)

The work of the peripheral forces on the di.splacemen~sarising
from the distortions of the middle surface 5.sequal to
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(4.2)

tha,t’this quantity

J=O
..:.

and$ consequently~ the increment (variation) of total energy of the
shell due to buc”klingis”..,

.,—,

.//1
J= W+
1’., _

The condition

)1+f%ywxwyd-.xdy (4*3)
...

equal 2ero

(4.4)

represents the generalized equation of Timoshenko for the case of
elastico-plasticdeformations.

In the first approximation tineequilibri~ of the shell after
instability is neutral; that is

5J=0
..

ln order to prove this statement, it is sufficient to show
that the differential equation of equilibrium of the shell after ~
buckling and the boundary conditions proceed from the condition (4-.4).
Varying equation (4.3), we obtain on the basis of equation (3:10)

+
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Here,. 2,. m are the
boundary of the plate,qpd
boundary ~

*

!..
.,,

,.,

‘c&eciion ‘cosinesof:the normal to the
Xv,. Yv arethe stresses on the

.,
. ., ..- ...’.

.,,

$zrl+”zy?,. ‘,Yv,= ,..

..,.
end the qu&xtit.ies ,., ,.

a%..“,&5H,.
.. -,; -.=5Nj ,

.’ —’+ayax’

,,

.! .,,”

ii49 &.H

= ,8N
-%- 2 ““hy

represent the transverse forces.

Because of the arbitrariness of the variations 5W and

mw
av— = 6WXZ + 8wpl, we find from equation (4.5) both the differ-

,,.

enthl. equation

~2bM1
—“’.+ 2ax2 .:.,.

of equilibrium

and the
form of
plates,

In

kinem.tic bo~dary conditions,.either~ombined ‘orin the.
Kirchoff’tsconditions; that ‘is,“theusual conditions for

the general case the

functions of the coordinates

‘: T-i
xx=;

S appear as knownforces ‘1’ ‘2’

x, Y and hence the stresses ‘ ‘“
. .,,

T2
Yy=r ‘Xy=: - ‘“ “’

,.

1- ––.—-
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f312.dthe qlle.ntitiesV ~d k are vartableo Taking fnto ac~oun~
equations (3.9?: an& (4.1), ,we con~:ludethat,the eq~tion of equi-
Ii%rium (4.~)’will be a homO’@~du$ line’am‘diffq~~nt~ele@@io.?l.
of the fotih order with variahXe coefficients containing all ““
possible derivatives in x and y from the fourth to the second
order,

Let us write this equation in explicit form for the case where
the forces acting ~.nthe middle surface of the plate are constant.
For axes of Coordinates x, Y, we shall take the principal axes of
stress, since the latter will be straight lines.

In this case the shear stress ‘Y
may be put equal to zero

without loss of generality. Trom equation (3.5) we have -1

Introducing these expressions into’equation (4:6) we find the ~
basic di:?ferentialequation of stability (generalizationof Bryants
equation)

The quantities t ‘and k are functions of the intensity of
stres~ and can be evaluated for given intensity ui ?)yformulas”(3;7)

and (3.8) if the characteristic of the material of the shell is
given fJi= Oi(ei)a



. . ... .. . ... .. ....- ,. -.’

...

If, under the action of the-givenforces, the shell d&es”not
go.%oo fs& beyond the elastic..limit,.SQthat. at. differs little

from the yield limik’ofthe material us the function $ will be
,.

an’exbremely small’quantityand can be neglec~ed; on’the other hand, -.

the generalized modulus of von K&&n k equal to one at the
elastic limit may diminish greatly in accordance with the Groat change

?
In the modulus do. :Ci in the zone Of tran~ition to the yield lim~.:b,

The generalized equation of Timoshenko for a fiiform.lystressed.,
plate takes the form ,.

It is easily seen that the difficulty of finding the critical
forces by equation (4.8) or equation (k,9)’is not much”grsater than
in the elastic case. The difficulty lies in that the sou~ht critical

,..

stress (for example, Ui) enters implicitly in the coefficient tif
every term of equation (4.8) OX*equation (k.9); whereas in e]astic
problems it appears as a coefficient of’‘onlyone term. This diffi-
cultlyie easily avoided if instead of seeking the critical stress

‘icr for given flir;e~iaionsbf the shell we sedk the criticzd

value of sornecharacteristiicdimension for e,~;ivenvalue of’ 01

Let 2 be the characteristicdimension of a plate. In analogy
to a strut,let us designate the flexibilityt.ofthe plate in relation
to the dimension 2 by

..

x

that $s, the flexibility

With the use of the
plate

..,“-.e

.. . .,,.

‘.

J(l—. .. . l~l..-
h

@) ‘ (4*1O)

of a flat strip of len@jl 2 and width 1.

dimensionless coordinates of points in the

,.,. .. .; . .. ,
z=’%

1
?=: ““
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,.
“pi;ls.)

..
and equation (%.9) solved for X2 bOCO~EI .-

.
Cri

where

Thm problem OO~S down to find-
parameter h.

I& u~ examin? some concrete

the characteristicvalue of the

groblems:

~ . Stabil&y of a CO10J2r6SS—.. ed wtri~,- A str5.p,whose length 1
is comrld.orably~-hsm it~ width b is compress~d in the
longitudinal direction with the stm?s -Xx, with tho other stresses

equal to-zero YV = ~=O; tklon~fidges we Tree of forces, We
have

u d

-Xx=l Xx=uj

Since t.h.ebending moment ?5M2 and the twisting moment

along the lo~. edggs (y= o, y = b), then because of
width.theymay be taken equal to z~~ e~er~~~lere.

3H are zero

the Small
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From equation
.,.. .,....

TO=

From equation

27

(4.7) we find . : ~
.,

‘2
=+..~: .IAy=:-pj (4.13)

(4.6) we obtain.. ~~ ..

(4.14)

IT the characteristic value d.?the parmeter :
,.

401 ~
72 .,. —?V,.. .,’.

~13k

is known for @ven edge conditions at the ends X = O, X = 1, the
crttical flexibility bec~mes known:

(4.15)

Thus, for a freely supported strip ycr = n and the formula (4.15)

coincides with the results of.von &&m&-Engesser.

2. Cvlindri.calfo~ of bucklinq.- If the transverse di~nsiO1l b
of a-rectangular plate is sufficiently great in comparison with the
thickness h ~d the edges y . (.),y= b are free, or tf the d~ell_
sion b is considers,blygreater than the length Z, so that hy
St. V’enanttsprinciple the boundary conditions at the sides y = O,
= b do rwt influence the deformations of the plate, the”form of

~uckling will be cylindrical, Assuming that in equation (.4011.)

.. .
we obtain

‘“”’ E(l -if f3k)&+x2”&=o

4rJ~ &4 CE2
(4.16)
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. .. .

fcw fg.mn ef%e
flexibility

461
7 =- )b2

E(l-V + 31d
.. . .

(4.17)

.
~or freely Swvorted ed-ws Tel.= fl~,

.. Sta.bllf.t,vof a nniforml.?rcompressed date of arbttrar.vvlPm2

form.- T~& as the condition of the problem

xx=Yy=-ai ~=fy=-l

.“ ..

we transform the differential equation (4.11) into

,, ;.
.,.., J%+ y%%?,=!)

,,,
./..

This eque,tion’differsfrom
buckling”only ,Snthe expression
;thqchar.mterist:tcnumbers Ycr

40
.,2= i. A2 (4;18)

E(l - $,+ 3k)

.; . .

the welldmown equation for.elastic
for’the parameter 7, and therefore
will be the same as in elastic,.

,,
,..

Hence,,the general solution of.the..posedproblemis-given by.the
fo,r.mla -

(4.19)

where ?’c~ must be taken from the solution of elastic problems.

For example, for a circulqr plate of radius ?.,,ckmped at the
edge, we have Ycr = 3.8317. f

,,
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4. stahiili~~of a freelY,f3urmorted rectanzul.ar’vkte compressed .
D- in one .dirsction.-A plate.wi’khthe boundary ,_ , ,

... .
,.

is uniformly compre,seedin the.x+irectipn. l’lehave . ,./,..,.
.,.”

. . “,, ~y = ‘o,,

Asswning, in ‘accordcuici$with the boundarj conditions’, . .

.,. .
. .

.. - . . .
x; = ~ =,-xx...::.: .-1’ ‘, u’

,.,,

we find from the generalized equation of Timoshenko (4.12)

.,

L&t uk investigp.te i’irst,~ :gle,tbW?inj.tely long inthe direction
Tor the.cham.cterj,stic dimensionof loading a“= w. z we may take ~~

the width 3. The n&ber o: hzilfwaves m will .be infinite and the -
half wave I@’ngth’”at will be . .

,<,,...’ . . ,’,. ....

andj consequently, the s~ll~$,$ f~exihi}i.tyaorre’gponds-~to
length

. . ..

—-—

~he,~av~’ 1:

(4,21)
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It 3.sseen from equation (4.21).:thateach critical stress O,i..
has its own wave length and, for example, at the beginning of the
flow plateau of the material.the wave length may be 30 t~ 40 -percent
less than at the limit ofproportional-ity. As is seen from equa-
tion (4.20), for a plate with arbitrary
the critical nwahor of half–waves is m
inequality ~ ‘. . , .’,

ratio ~f sides a and b,
integer satisfying the

..

~ Q ““:

For a square”pl~.te a =b”= 2 we.he.ve m=’1 amd : . . .
,,.

“: / 1

-— .-
X. m
C.r= ~“.,

‘~~3(1..-.$,)+.~kl. .: (4.23)..
1 Gi-: ,, —:

There is no need to extend the nwnber of exenmlos of stability
of corn-pressedplates, inasmuch as’the method of.so~ution of the
prob}qms rema~.nsgenorfi,}nnd differs little from the so.i.utionof, ,
corresponding queeticms of e~astic @<abiSitj~5n@.,on.ly:in the
course of the calcila.tionsbut al-~oin the possiblb ‘forms:of
buckling, in the sense of the form of the function w(x,y)o Vi?”’
always obtain the exact or.,in the flen.eralcase, approximate value
of the critical f’le~ibilit:~or critical ,forcesif we put the deflec-
tion w(x,y) obtained fcr the elastic problem into the ~ener~lized
equation of ‘Timoshenko(4.12). Thus, we will obtain the exact expres-
sion for the critical forces and flexitiillt:rfor a rectm@l.ar supported
plate compressed in two directions, if we place

.

,. rQr(x
s:Ln ~w = B sin —.a.. .,.b; “.,,::...
,..

;

snd.sqlqct the appr.opr,iatevalues .of m..~,d..n.. ~ .... ... .. .,

,. ,,. ... ,,,. . . d
*. ..;, ,.. . .,

1.
..
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5. Sl?ABIL~Y”OF.~YLINDRICAL SEELL~,~OAD~ BY

,, 3?RNSSUREAND AXIAL COMl!RES&ION“,.”
,,.:.... .,.

31

ExI’mwAL

Let us investigate the cylindricaL”formof bucklina of a
cyliiuiricalehell”Waler”the action of uniform extetial pressure p
and uniformly d$stiri’butedax:iazfd~ce; Th~x~xis-.’is:in the direction
of the generc$ore of the cylinder, @ th6 y-axis i& tangential. The
stresses Xx, Yy are taken compressi~e (negydxl.ve’);.‘

“’:Ftiomtlleconditions of the problem we have
.,

,.
..,,

.,.
,.

. ...
“Yx=

X=T=O, ,,, “
.. 1.

‘xY=O
.

-_.&_.A___
42X2’- XXYY i-YY2 ‘

.“ ,. ,
. .

.- YJ,
.“,.. f

.Y7 ......__..-.....—.- -,,
d~x2 -’~xYy + q ““

.. ‘.
... .

.,. ...

From equations .(3.9)we obtain expressions for the moments in
terms of the n~nzeio.’,dlstortionX2,

-- -r-

8M1 = -,2 l-llr”+-wm ~.. —, X$2
,,

., r- 1

(2.1)

(5.2)
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.’

depends not only .onthe.degree.of yl.asticdefo~tion :(ai, k, ~),,,
but elso on the ratio of the tangential to the ax&J. stresses.
The .smallest stiffness occurs when the quantity YY2 is a Uxtium

,.

( +
x =-
x 2 Y]”,.,,.

.“. .,
,,. .,,

... -,
“’For a circular cylinder this bondition rne,a.nsthat the resulting

axial force ,isequal to ,thelateral pressuremultiplied by the area
of an end of the cylinder; it”is realizedin the caseof cylinders
with closed e~.ds,subjectqd to etiernal pressure on-all smfact$s.
The smallest stiffness will be

D“ =kD

that is, obtained by replacing Youngts modulus by the generalized
von If&i&n modulus K,

By way of an example let us investigate a complete circu.1.=
cylinder of radius...R,,,,pub,jectedto a constmt external pressure

P, and axial compress~vefojce Q, so that.,.

1 Q
‘Y

..p; xx=-—
., 2rrRh$ ., ... ...... ,-

.

The corresponding elastic &oblenl was solved first by M. Levy
(reference12). Referring to the well-known book of Timoshenko
(reference 13) we shall write, without derivation, the express~~
for the curvatu~e ‘~~2in term& of the qorqal.deflection w, ,
the moment 5M2

.,

“-l.
,,

(5.3)

J
On the basis of equations (5.1) the differential equation of

stabilitywill have the form
.:.

-( )d%+ ~
criR2h

-—— W“=’o,’.“t,. .. ,dQ2 D“
.. . ....

,.,



,$

~j’;U83ng’expreqsi’&(~,lO).for,the.:f18~biltty”’k,~.~d choosing
the circumference z = ?tiR as”t~e characterfstj.cdimension, We
obtain the critical”flexibility

. .~’“1. .’, *

{. ~~

:, ’-,: ... , ..;

. . .’.(..!’-:. ;. . . .. . . ~ ':4(;"ti'j).''; 3(3.'._;;O'':~$:;.".'`::.:''"';;;.:":.:;,,,.. .,..”.

Lc~”,=,~
~“ ..,.., ,. y:.

.....,? “;;{,?.*5) ,
.’ ..,,. .,.,:?. .: ).. tyi . . ..i. . ,: “’”-i? ‘“” “’”””; “’”” ‘i

~ ,. . . ,,. .:. ; ,,,, .,:. , ,“, .,’::.[,”.. -.,, :., ,.. “:, . . . .

. . . . .. . ,1

,:
. . .1,,; .. .. . .:1 .,, ,,, ,,4.’ ‘ . ...

or, ki:t$q”jcase~o~ .uqif’Qm ”pxessw6. on ail the mirl?~es of~-i~~,,....,.’:’.

Cylin&er’ (=x=’ )&y
...... ,,.. :.’:.;$ ,

2 Y\ /
,.

..
and in the case of absence of axial f’ofce’”“{XX”=‘o)’ : “ ‘“”

.(5.6)

x ‘3E(l-o+,3k)., , .,, ,,, ,. ,.,,, . . . .., Cr=fl
/
\ q “ “

..,, ... .. ,.
6; LONG~~IkALBUCmN~’OF j.&~INDRICAI, TWE &~

,.

AXIAL FORCE AND UNIFORM:LATERA~ pRESSTJRE
..

,: ,, “. - .’,,)..,...,.,’.. .b.

Let us investigate the axial sjmmetric $orm .oflongitudinal
bticklin~of a cylindrical tube of madiu~ ,R.”For the elastic case
this problem has been studied from various points of view by Lorenz,
(reference 14),‘lzell,Timoshenko (reference 15), and others, The
complication beyond the elastic limit cons~istsln~tbe:flac.%thati”:
Tq.wklingis accompanied by changes in the middle surface fo~ces,
and hence, $n place of the simplesystem of equations (~.9),the ‘.”:
~ne~al express.ionqfor ~orces,~mometitq.(eq-tions ,(Q.13),;,(2.I.8,)Y
(2,19) ~ and’($?.21)) must be used; while the boundary.of’the plastic
region Z.

..
will “bea fulictiionof the form of buckling, amd.the~e~

;f~re;$,tngeneral, thedifferentidl ~~ti~~ionofkqtiilibr~tibedomes
,.,.

considerably complicated and nonlinear’.
,,

!
. . . ,, ..,,.

‘II,.. -“” .“.. .”. ‘. ...~:.! i., . : ) . ,, ,.,,.. ,.
:’.

. . ,.
J

,. ...:. . . . -’” .
.,



,:8: ,.. ,. . . . . ‘~ .- ..’
.4. 4

.-,.+
. . ...-..’..: . ‘.. ,

...
,1 ;:\.:.- .; .,-.,., !. .. . . .

::.”, :“..”:“’.’:“ < ‘“
,,

i“::’~%~~s’~etain,the.~.oprdinate systemin’”~’~..Sta~ilf~~’ofJ.Cyl:tqtiical
Shells ”Loade~”ljyExternal Pressure and.Axial Compression,.’!,,Weshall.
take the base state of the ‘she3.lbeford:buckling such that the axial
cpmp,rpssivestress .-XX is twi~~as ‘@&a~:as.the tangential stress

,. ..-
-~y-bausedby the.uniform lateral’pr6”ss,~e :,.:’,...,,,>,.j,.’.: ...4.“ ‘;,.. .. . ,;,.. . ,,:.,

..,-. ..(
........ ...,..,*,..’ ‘..:..’ ;. ,..,

,?‘
,,.’.,.. ,. .xk,~:.~yy”: ‘l-f‘= ~“ ,.,.’.fj”,~=~,.”:,:‘,..”;’.. .“~(6.iiLi

.’.l ,2:”
.,. .. .

. . . .. . ...’ ,,

As is well’laid~j’”at the:‘e-la$tfi,q,,l~rni~%he .choipe:of the qusn-
tif$,y.:% does not””infludncd’”the CTitiCS,l” Value of the axial stress

x
x’

and beyond the elastic““l&t”o& condition introduces a basic

simplification into the solution of the problem. Ih f~ct~ the ““ ““!:.
conditicgi-(6.1). is equivalent to the asshlptton
the tangential strain eyy = O as follows fkm
moreover, after bucl$lingwe have

)

:.. .,.- .,.

*-’
,, F5fq=0 /3s=0. 5T2 + O

. . . ..!-” ,:

From equations (2,1?)~we now obtain

.(p :0, ‘ ‘

that befor&:buck>i,?g.,
f3quat.ions(1.1); ~~

(6.2)
., ,.... :..

consequently, the boundary Z. between the,ela@ic.,@d.plas$ic,.

regions acco.rdfngto eqtititi6~’’l2”.l8)t~ns” ofitt; be constant:
~—-. ,. .:.,. ~-,,’

;:ki!ik-Lj;- “(6.3)
Q=-

./

-.,,/”’ ““”’-~,, ‘,”’,.”, ,,

!,
,.,. .. .
, ‘.‘.

..:.s.’~ ., ..,’ .,,/E .+l !.{.’..:’
I de.’. ‘.. “ ., , ‘
\, ’,l’, .’., :l:l..,...; .,:,, .,.. . ... . . ,:, .j . ... !.:, .,.,.’.,, ,’, :’” .“. .. ,,. ..:.

From~.equa~ion(.2..13]weibave ; “ “ “
,.. . .,.,.,,: !,, ....-’,” ,.’. ~,,,.,, . .

~T2,,~:.”,_,:”’J’; “’ ::,” ,1.“’”. ~ ,:-,.;! :-,p_. ;’,:

q “.=,.
..[
‘3p~”+,p +(CO

1
-’V)%O @fPo - v)(’l-,:?o:).~~”

.. . .:....,,.., .,,,_ .. ;:....... . . ., .,

(
) .

.,. :’
,,. ‘“”2-.;’““1 “~ :“’.:”’;.,:”,‘..“”’‘“: “ ““.:4,? &~._”& . ..,Zo).,y+; p “ .. ... ‘,,

\. ,..

25T2 “: “
= 3!JO+F+ (iio. -ii)zo-e2+. ;(VO - C)(1 - ?.%2

q -- -..

J

., .,,, ,... ..,,
.. . .. !

t

,., ,.

.! ’.,

1
..:

:...”,

(, ’,.”

.,
:..

,..

(6.4)”:
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The distortions ~,xe Udtheet.ratn GO areexpres~edin

.= terms of the normal.deflection w (positive &ards) by the formulas

(6.7)

and,consequently, equatione (6.4) give$ firstly,

1-
‘kt=~ I-:01 -to+ &’((l-“Z.2)/ :+++ (6*6)

c L. .,-

where k, as before, is tho relatitie’fieneralltied-von !&m&n rnod.ul.us
and, secondly,

Formulas (2.21) give the value of the mombnt, 5%$..

where

.

the coefficient

k!?,= ,1.-*Q(1 -

-,+$)
82- 0)(1- 2.)

,:. . . .. . ..-. !. –1

.,. ‘. ,”,”.. ,! 4,-.:

,, .
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we obtain after simple

;;,

NACATM No. 1116
.

transformations , .

..,. ,, .-,,+,’
F’=(l+Zo)2=k

Thus,

(6.8)

The differential equation of equilibrium o~= e.ileIe.mentof the
shell.after buckling will be,. .“ .-

~2~~ .& CST2
---+T1 —+-—= o,.
d.x2 ‘“ &c* “ ~< .,

(6.9)

. .

Tak@g as the.characteristic dimension:of the shellthe radius
R ti& using the e~pression04.10) for %he flexihij.ity h we have

,,.

(6.10)

:,. .. .

>’

where we have discarded-small”qmtities fof~he ord~r’of’.@/R ,in.
comparison with 1.

‘In our case ‘“ b.
●

.- . .. .

(6.11)

and since the coei’ficfl,entsk; kt are functions of the i~tensity of
stress the convenient ex--ression(6.1o) may be written f’i.nallyin the
form ,,

.
..
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4’ “’2U”” ‘“ 2 “ ‘“ . .,,,k-(h+s.,, .. (6.12)i ~2 ~ + k?~2;’5 o:””’,. :,; . . ,
... ; . . ,.ix~k;,, E @I; “ +2, .,:;,, ,,, ,.!.’. .., . .,,4 .“.. .’, ,..,,, .’. :... ....,, . . .. ..’.”,,,,. . .

.~~Satisf~@ the ~onditionsof suppq~’‘at’the && of the.“tub?. “’

,.,,., ,.. ,... .,.

..”,

we:find the critical flexibility “”.’,. ,,. ,,,...’,,. ,.
,.,. ,.

h’ . E=.. .... - ,ei \~~i .,.“..,., ,,..,:.’,.<
:...;,,:j... . .

,,, ..$. :=$*):

The result o%taine~ is ‘verysimple wd MY eas~~Y’be sub~cted
“‘“to experimental verificat3.on,but it “isrieceseqr.yto remember that
: it is strictly correct only In the case where the tube IS subjected

to axial ”forceandlateral pressm, .suchthat thei%.t3.oof.axial to
tangential.stress is equal to two, , : ... , ..., ,,

.“,,,... .,
... .! . . .,

7* NUMER~CAT;RESULTS FOR T~ MILD STEEL USED ‘... ,.,,

.

,.

.:. . ,(6.13)
‘,

.:.. Il!VON tiI’?tS EXPERIMEtiS ‘“ “ . “
,.

.“,.,,
.. . In this paper, giving the method of investigating stability,
we””cannotdwell at ~en$th upon the analysis of the multitudinous
technically important ~roblems,qf.sta~.ilityand give formulas for
calculation, tables,.and graphs for al,?the various steels used

....‘“htec~ology, In endeavoring to’show’that tbp est,ablished”view-
:“pointconcorni~ the possibility.of a wide application in practice
or formulas fov elastic’critical loads corrected according to the
von K&B&modulus is, in generaly cornpletielywroiq~’we sh~l
present nummical”results, in accordance with the:,abovegiven,”
formulas only for the steel used in the experiments of von Kar&n.

The mechanical properties of the steel are obtained from the -
tensile stress-strain curve for which Young?s modulus, tensile
strength, proportional limit, and yield limit are
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E= 2.17x 106, a~ “=
. . (. r.!.

,,,. ,. ,!. ,.

,-....:;:
;. ., .>”” .’. . .

.’ r, , - ..-, “,? ,. ‘“”-” NACA TM No.li16‘. <.”” .... .

68oO,up’=,“2600,?S = 3250 (In kg/cm2),
.:...,.,.,,:,., .. ...,..~,.:.......... .:.:.:.:: “..::.. ........ ,,

The first three columns of table I were computed from the
stress-straincurve, and tl@%by t,he,wseof formulas (1.4)5 (3.7)$

(3●8),th~ values of’rf@di*Y--deore~se.~, @~e~a~i”zea ‘odtius ‘f
von I&man, and the paremeter $ were determined and yut in the
last three columns of table I. ,,..,.,, :,,,.,,,!.,...,.,’)..,”. ,,,. .... ...

Ints,ble IX are given values’of the ’crttic-alflexibility

.,, -,,

4
?-’;x=~’”12(i-v)

,.,.....,,..,.

,for all of the,ahoy?,inve.stigatp’~cases of instability of plates
‘ and shells. For each value of i@ qtii’ticalstress ~i are given

three ”valuesof flexibility, in the fiys$ line A!.-,exact,-byou
fo~ulasj fti:thesecond h“AtiPp$.oxi~te~:bY’:.,O.r?$C,ti~p;JaJj.Or~~ng
to voriKarm&~s moiiljlus~tn-the .$lii@ ~it’-CQ.mputed,:t.y..tlje:formulas

of the thecry,of~elastf~l~y~”’”“i” “ ~:,”.~~:.:.””&.........
:.:..’..~-..,,.
;,....-.,..:

.:,.’.,,,.” .-;1:.‘.!!.”,: ‘ ........... .:’..,-,.,,,., , . .. .., ,. ...7.,.:.,...?
The last value A’ltis obtd~~ed:”if”i~:ou~fok&&a6”we’plac&

a= O(k= 1,$ =0).
. .. .

Thus in table ‘XI”&& p~&@~rit~~’ti~kica~;::”&&lues‘o;the stiff-
nesses computed from the data ?3.tqble I for.the following casess:,.. ....,.,.’,.. ..,

(1.)Von ~’rm$.nstrut,~$ nprr~w,@T@ ,(Z .=.~).a~,+ -Xk, yy = 0):.,,,. , ...... .:’.,,,.:... ”.” ,....... ... :,! .
,., .,. . ,’.,,. ..,,: ,::’ ,’... . ..

/
‘~ :.“:,~;:”,,l,~’~../~ ““. .,,“’, ‘:.,

!1..’“’=‘In;= ~.’.... v
\/ioi :, 1. ~~“.ai’ : .:,,
,.:,,,.. ,,.”:,...,,..,,,,. ..,, - :.. ,, . . ... .

.. ,,;.,. ,.,...... . ........ . ,..:,,., ..,... .:....,, ,..,..
(2) Wide strip W:tlitwo’:free““e&&es”(cy~ifidricalbending;

1
!..s ~,,.a~=.,-XX,”Y.= 0: “:’;,.”,$ “,. ,,,.:

‘2:=*&i’=; t;=t’’=~?i

.! .,.

.
,, ,., ,, “,..’.,:: .,,. ,,.. ,,..’. .-,.
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.- —1

9,/~X4” = Tr ~ ,“,
\/

; ($)=?; ,.-, “ -.,,.
.},”.’”’: :“ ““” ‘ ‘“ i., ,,:, .;, ,,,,.. . .,.,,
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,..,,:, :; /;)’;Tube<withetierml,.vmssureor-lall,E&faces,‘
,\...- ,..-.#..

“:., .!,, ,,; .,f,+, ,’. . ..” .“.”

thbtfs,:w~th .“

““[

.. ,,. ,,.. ~.,,,; : .,.
!j,’.’”,”, Of!:”:.:.’1”:’:,::JI’J “j~: ., . &’ =:’--_,

TrR2p2
)

,...

axial force Q = =2NR,Xx=’-Y.=-
2 Y: $~,,,.

. -*\/j, ‘;” ‘ ,,,.,.,,.... -.; ... .

i-

- ,-,,.. .,.-.
:?.=*;:;!!.,-

~.tik

.4

12X
‘T, w,,. i.,:7’” -””z’ 0’ ““’ h!!=”n ~

(8) Longitudinal huclfl&g of’,a~wbe un&e~ axial load and lateral

-pmssure.( ‘)””2=R>Xx=2YY,~-~~it
,,/j““,, ,,., ...

, “~ , ,

“;.,’,.:,.,,.., ,...,

\

, ....
~8T . E_ 2 .“.\/l;; ‘

3k~.—————— . X8” E ‘“-
= — ..<(~k; ‘~8m

‘i 2 = : v
,,)’” : ‘$

!.>
.,. . ......f....

If the curves at ‘=61(A}“’””are tra.wn~ “
:;,,/,’!

they will all have a
.,.!.;

of i&’lection”at’“~hd“’Yield..plate?u,,of,the stqel = 3250
‘:%..=.:,?:,>..; ~ .

gram yer centimeter. ... . .. ,, ,, ....... ...,,,, ... .! -.

point

kil~:

..:
... ,.

As a rule, the ap~rox&nate tlnpo~~with von K&&nts correction
,.

factor gives appreciably lo%red %lues @ .tllecfr~+icalflexibilityy
and, on the other hand, the elastic th.6orygives appreciably raised
values. It is interestl?.g,t,o,note,ths,t,in almost all cases (except
for the square plate; ,where ‘X5°= 8103) ‘thevzil.uesof,the flexi-

,. ,’,,... .
bflity X:’ %ecem.ezero at the inflection”’points, which means complete
loss of load bearin~ ability at tQe;yield limit according to the
approximate theory; whereasj in fatitj’iiithe majority of cases the



and,consequently,loadbearingabikkty”ismaintainednot onlyat
the yieldWnit but appreciably beyond. Thus for the flexibilitie~

k...
.,, ..::. .,,.,...$.

L* = 30 ~’ =“& “~~’i83 “’‘I’’’=’~~‘“”{6”,=&’ “’‘“”“’*“””
....... .... .,3 ,,:. ~5 :, ‘ ,,...~,..,,..,,,:,:,;.:,:“:..:..’”. .-~”:... . ... ....:. ..’$.,...* *“
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Translated by E, R. Schwartz
National Advisory Committee
for 41eronautico ,,

,, ...
.,

.

,. ,,. .
.,

. “.

. . . ... ,,., ,,... j’
.,

.’
. ,.

., .,., ‘“‘..

. .,

,.

,.

,“

,,

..’.’

.,.

.’

,.. ,
,, ,

., ,.

:..,



I

4’2

1.

2.

3*

4,

5*

6,

7.,

8.

.9;

10.

11.

12,

13.

140

15.

16.

NACA TM N0,,,;116.”:..“.
$,. .

~(-& “’ ,“ .,,’,“ .:”””, .,
,, . . . ,

. . . .

Bryan)C, H.; ~roc; M&thl Soc; ‘1891~V. 2“2,(P. 54).

Timoshenko, S. P.: Ob ustoichivosti uprugikh sistyem, Kiev, 191O.

Love-Timpe,331, (P. 337); Reis~ner H.> M 1925; Di~iks ‘O H“?”
Ustoichiv@ uprugi~ sistyem, 1935;”South~~ell,po~ proc~ RoYe
SOC* 1~24, V. 105c .“.

Engesser, F., Schveiz: Bauzeitun& 1895, ,(S. 21). ~
.. . . ,..

Von l&m6n, Th.: Mitt. Forschun@arb, 1910, 81. .
. . .

Bleich, F.:.Teoria i.rasdhetikhelye@.kh.mostov, 2.933, {Stri 251).

Geckeler, N.: Statika uprugovo tYelal”19340 . ‘ ;

Brylaard:.Proc. Km, Ned. ‘Akad.l~6t~V. XVL. ~ “ ‘r.’

Isslvedove.nia~oteorii Plastichnoeti,’~~or~ik 1~1 ~od red” Smirnova -
jl~yayeva. GOLTI,1939:

. . . .
Schmidt, R.: Ingenieur4rchiv, 1932, B. Ifii’ ‘

Ilyushinj A. A.: Prikladnaya matematika i mekhardka, 1943,
Vip. 4; 1944, T. V’HI, Vip. 1.

Levy, M*: Journal Math. 1884, V. 10.

Ti.moshenko$S. P.: Voprosi ustoichivosti uprugi~ sistyem,

Lorenz, H.: 1908, B. 72.

T~oshenko, S. P.: Kurs Teorii uprugosti, 1916.

-.
.“

‘.;.,

., .“.,,

T. VII,

L. 1935.

Hartman, F.: Ustoichivost inzhenyernikh sooruzhenii,Gosstroiizdat~
1939.



TABLE I

‘i

2600

2800

3000

3100

3240

3250

3260

3300

3500

Ei x 103

1.20

1.31

1.43

1*71

1.92

2.1to 2.7

2.9

3.3

4.7

-8.8

2.17

1.98

1.54

1.12

.06

0

.042

.117

.140

.115

m

o.

.014

.034

.054

.212

.285tO .445

.482

.S1.O

.657

.790

k

1.000

.940

.825

.685

.0805

0

.056

.141

.163

.139

o.

.007

.017

.026

.149

.285 tO .445

.360 -

.369

.456

.605

I



TKBIE II

‘1

3000

3100

32M

3250

3260

3300

3500

4000

[

90.8
9.8
90.8

{

84.8
84.8
88.5

{

76.8
76.8
84.?

{
69.0
69.0
183.2

{

23.0
23.0
81.5

[

o

8:.3

{

19.3
19.3
81.1

{

30.3
30.3
80.5

{

31.6
31.6
78.3

{

27.3
27.3
73.2

90.8
90.8
90.8

85.4
84.8
&3.5

78.7
76.8
84.5

72.4
69.0
83.2

42.2
23.()
81.5

34to 30

8:.3

36.5
19.3
81.1

41.6
30.3
80.5

39.7
31.6
78.3

33.0
27.3
73.2

111
IJ.1
111

104
103.6
10Q

96.1
91.3
103

88.4
84.2
101.5

51.6
28.0
99.5

41.5to36.6

9;.4

44.5
23.6
99.3

50.9
37.0
98.3

48.5
38.6
95.5

40.2
33.4
89.5

?L4

181.6
181.6
181.6

173
173
177

166
161
169

162
151
166.4

132
46.2
163

119to105
0

162.6

114
38.5
162.2

116.5
60.3
161.0

106
63.2
156.6

85.5
54.6
146.4

m
173 296
175 296
177 306

166

I
273

161 266
169 293

160 251
152 239
166.4 289

136 146
107 80.5
163 283

123to 119 118to104
81.3 0
162.6 282

118 126
100 66.5
162.2 281

119
110,5
161.o

108
109.5
156.6

8iI
100
146.4

144
105
279

138
109
271

114
95

254

314
314
314

296
296
306

80.5
&.5
283

0
0

282

66.5
66.5
281

105
105
279

108
108
271

95
95
254

1440
1440
1440

1290
1300
134Q

1120
1130
1250

*
1000
lao

296
328
1155

0
0

1150

206
271
1145

318
425
1130

=@
432
1070

ao
350
935

2!
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